In representation theory of finite groups, there is a well-known and important conjecture due to M. Broué. He conjectures that, for any prime p, if a p-block A of a finite group G has an abelian defect group P , then A and its Brauer corresponding p-block B of N G (P ) are derived equivalent. We demonstrate in this paper that Broué's conjecture holds for non-principal 3-blocks A with elementary abelian defect group P of order 9 of the simple Held group and the sporadic simple Suzuki group.
Introduction and notation
In representation theory of finite groups, one of the most important problems is to give an affirmative answer, if it is true, to a conjecture introduced by M. Broué [7] . He actually conjectures the following: 0.1. Conjecture (Broué's abelian defect group conjecture [7, 6.2 . Question], see [14, Conjecture in p. 132]). For a prime p, let A be a p-block of a finite group G with defect group P , and let B be a p-block of N G (P ) such that B is the Brauer correspondent of A. Then, A and B would be derived equivalent provided P is abelian.
There are several cases where Broué's abelian defect group conjecture 0.1 is checked. For instance, we prove that 0.1 holds for the principal 3-block A of an arbitrary finite group G when the defect group P of A is elementary abelian of order 9, see [16, (0.2) Theorem]. Then, the next question may be what about the case of non-principal 3-blocks with the same defect group which is elementary abelian of order 9. Actually, in the previous paper [18] we answer to this question in special cases. Namely, we prove there that Broué's abelian defect group conjecture 0.1 holds for non-principal 3-blocks A with elementary abelian defect group P of order 9 when G is the simple O'Nan group O N and the simple Higman-Sims group HS. In this paper we continue such a project, namely, we want to check Broué's abelian defect group conjecture for, at least, sporadic simple groups. That is, we demonstrate here that Broué's abelian defect group conjecture 0.1 holds for non-principal 3-blocks A with elementary abelian defect group P of order 9 when G is the simple Held group He and the sporadic simple Suzuki group Suz. Namely, our main result is the following: 3 (q) ], where q is a power of a prime satisfying 3 | (q − 1) and 3 2 (q − 1).
Theorem. Let (O, K, k) be a splitting 3-modular system for all subgroups of a finite group G, see the definition below (0.2). (i) Assume that G = He, the simple Held group. If A is a non-principal block algebra of OG with elementary abelian defect group P of order 9, and if B is its Brauer corresponding block algebra of O[N G (P )
]
Notation. Throughout this paper we use the following notation and terminology. Let
A be a ring. Then, we denote by 1 A , Z(A) and A × for the unit element of A, the center of A and the set of all units of A, respectively. We denote also by rad(A) the Jacobson radical of A. We write mod-A for the category of finitely generated right A-modules. We denote by G a finite group. We fix a prime number p, and let (O, K, k) be a splitting p-modular system for all subgroups of G, namely, O is a complete discrete valuation ring of rank one with quotient field K of characteristic zero and with residue field k of characteristic p such that K and k are both splitting fields for all subgroups of G. All modules here are finitely generated right modules unless stated otherwise. We mean by an OG-lattice a finitely generated right OG-module which are a free O-module. We sometimes call it just an OG-module. When M is an OG-module, we write M * for M/M · rad(O), so that M * is considered as a right kG-module. For an OG-module M and a kG-module X, we write M ∨ and X ∨ for the O-dual and k-dual of M and X, respectively, that is, M ∨ = Hom O (M, O) and X ∨ = Hom k (X, k), so that M ∨ and X ∨ are a right OG-module and a right kG-module again, respectively, via (m)(ϕg) = (mg −1 )ϕ for ϕ ∈ M ∨ , g ∈ G and m ∈ M, and similar for X ∨ . For a subgroup H of G, and for an OG-module M and an OH -module N , let M↓ G H = M↓ H be a restriction of M to H , and let N↑ G H = N↑ G be an induction (induced module) of N to G, namely, M↓ H = (M ⊗ OG OG) OH and N↑ G = (N ⊗ OH OG) OG . We denote by Irr(G) and IBr(G) the sets of all irreducible ordinary and Brauer characters of G, respectively. Sometimes, we mean by IBr(G) the set of all non-isomorphic simple (irreducible) kG-modules. Now, we assume moreover that A is a block algebra (p-block) of OG. Then, Irr(A) and IBr(A) mean the sets of all characters in Irr(G) and IBr(G) which belong to A, respectively. Therefore, we mean by IBr(A) also the set of all non-isomorphic simple kG-modules which belong to A. Clearly, A * is a block algebra of kG. For a subset S of G, we write S for zero if S is an empty set and for s∈S s ∈ OG or ∈ kG if S is a non-empty set. We write O G and k G , respectively, for the trivial OG-and kG-modules. For ordinary characters χ and ψ of G, let (χ, ψ) G be the inner product of χ and ψ in usual sense. For an ordinary character χ of G, we denote by χ the complex conjugate of χ . Let X and Y be kG-modules. (X, Y ) where PHom kG (X, Y ) is a set of all projective kG-homomorphisms from X to Y , and we denote by j (X) the Loewy (radical) length of X, which is equal to the socle length. We denote by P (X) the projective cover of X. We write 
We denote by ∆G the diagonal copy of
For a positive integer n, Σ n and A n respectively denote the symmetric group and the alternating group on n letters, and C n , SD n , Q n and D n mean the cyclic group, the semi-dihedral group, the quaternion group and the dihedral group of order n, respectively.
Let R be a common subgroup of G and
We need the Brauer construction (functor) and the Brauer homomorphism for our aim. Let R be a common p-subgroup of finite groups G and H . Then, the Brauer construction (functor) 
On the other hand, for a p-subgroup R of G, we can define the Brauer homomorphism
with respect to (G, R) by, for each R-conjugacy class C of G, Proof. (i) Assume that X is indecomposable. Let 0 = f ∈ End kG (X). Then Imf is a non-zero submodule of X, and therefore X = Ker f ⊕ Im f since Ker f and Im f have no common composition factors by the assumption. Therefore Ker f = 0, so that f is an isomorphism. This implies End kG (X) ∼ = k since End kG (X) is a local k-algebra. The other half is trivial.
(ii) Let X = X 1 ⊕ X 2 ⊕ · · · ⊕ X r be a decomposition of X into indecomposable kGmodules. Then, by the assumption, we have
Therefore, the assertion follows from (i For a subset C of G, let C = π(C). We, first of all, note that
from a uniqueness of decompositions of elements in G into p-parts and p -parts. We next want to show that
Fix any C as above. We can write
On the other hand,
Thus, we get (2). Now, we have
by (2) 
between Irr(Ã) and Irr(A) and, a bijection
between IBr(Ã) and IBr(A). 
projective (A, B)-bimodule), M is an indecomposable (A, B)-bimodule with vertex ∆P , and M induces a Morita (and hence Puig) equivalence between A and B.
Proof. (i) Irr(A N ) = {χ 3a ,χ 3b ,χ 6 } where the suffices mean the degrees, and IBr(A N ) = {3a, 3b}. Since P N , we know by [22, III Lemma 10.3 ] that the simple kN-modules 3a and 3b are both trivial source modules. Now, by a calculation of [34] , we get 3b↑ G · 1 A = 15, which means that the simple 15 in A is a trivial source kG-module. On the other hand, by [9, p. 10] , k A 6 ↑ G = k G ⊕ 6, so that the simple 6 in A is also a trivial source kG-module.
( (iii) This is easy from (ii) and 1. 
Lemma. Let X be a kG-module and S a simple kG-module such that the multiplicity of S in the composition factors of X is one. If [X, S] G
Proof. Easy. 
block induction). Let f : G → H and g : H → G be the Green correspondences with respect to (G, P , H ). Let
Then we get the following:
Green correspondent gY of Y belongs to A.
Lemma [21, Proposition 2.2]. Let A be a finite dimensional symmetric k-algebra. Let S be a simple A-module, U an A-module, and R a projective A-module. Suppose that there is an injective
Proof. Let π R : U ⊕ R R be the canonical projection, and let ϕ U = π U • ϕ : S → U and ϕ R = π R • ϕ : S → R. Since ϕ U = 0 and since S is simple, ϕ U is a monomorphism. Thus, since R is injective, there is an A-homomorphism ψ :
We are done. 2 We may assume that Q ⊆ P , so that P = C 1.14. Definition. Let A be a block algebra of OG with defect group P , let (P , e) be a maximal A-Brauer pair in G, and let H = N G (P , e). Moreover, let B be a block algebra of OH with defect group P which corresponds A via the correspondences of Brauer and Fong-Reynolds (see 1.5), so that (P , e) is also a maximal B-Brauer pair in H . It is wellknown that, for each subgroup Q of P , there uniquely exists a Brauer pair (Q, e Q ) in G with (Q, e Q ) ⊆ (P , e), and so does a Brauer pair (Q, f Q ) in H with (Q, f Q ) ⊆ (P , e), and hence e P = e = f P (see [1, Theorem 3.4 
Lemma
G = PSL 3 (4) = L 3 (4). (i) All elements of order 3 of G are conjugate in G. (ii) A Sylow 3-subgroup P of G is a T.I. set in G. (iii) Let Q be
] and [8, Theorem 1.8]). Let us recall the definition of E G ((Q, e Q ), (R, e R ))
, which is due to Puig, see [25, p. 831] . Namely, when Q is a subgroup of P and R is an abelian subgroup of P , this is defined by
for any u ∈ Q; and that (Q, e Q ) g ⊆ (R, e R ) .
Lemma.
Keep the notation and the assumption as in 1.14. We furthermore assume that P is abelian. Then, for any subgroups R and Q of P , we have 
Proof. Take any ϕ ∈ E G ((Q, e Q ), (R, e R )). Then, we can write
Thus, again by the uniqueness theorem due to Broué and Puig, we know
The converse inclusion is obtained by a similar but simpler way because H ⊆ G and hence we do not need [1, Proposition 4.21]. 2 2. Broué's conjecture for the simple Held group 2.1. Notation and assumption. From now on till the end of this section, we use the following notation. We assume that G is the simple Held group, namely, G = He, |G| = 2 10 · 3 3 · 5 2 · 7 3 · 17, and |Out(G)| = 2 (see [9, p. 104] ). We will consider 3-modular representations of G, which means that we assume p = 3. (Jansen) . The simple Held group G has seven 3-blocks, namely, the principal 3-block B 0 (G), a non-principal 3-block A with elementary abelian defect group P of order 9, three 3-blocks with defect 1, and two 3-blocks with defect zero.
Lemma
Proof. See [10] or [12] . 2 2.3. Notation. We use the notation A and P as in 2.2. 
Lemma (Jansen

i).
Note that e = e P . Let H = N G (P , e), namely, H is a set of all elements g in N G (P ) such that g fixes e by conjugation (see [35, §40, p. 346] (ii) Let M be the same as in the proof of (i). Let (−1) M be the non-trivial K-character of M with degree one. Then, again by using [34] , we have Our strategy is to show that all seven simple kG-modules in A are trivial source (p-permutation) modules. In 2.6, we have already done it for most of the simples. If we could do it for these two simples 1275 and 1275 ∨ as well, then Broué's conjecture for the 3-block A of G = HS would be, more or less, done. However, it is not so easy for the other two simples 1275 and 1275 ∨ . To prove this we need still several lemmas, which are going to be given in the following. The point is that we look at a particular maximal subgroup M of G above in which the defect group P of A is a T.I. (trivial intersection) set. This particular fact in M may help us.
Lemma.
Let N and H be as in 2.5, and let Q be a subgroup of P of order 3.
(i) All elements in P − {1} are conjugate in H (which are in a conjugate class 3A in [9, p. 105] ). So that all subgroups of P of order 3 are conjugate to Q in G. (ii)-(v) follow by [34] , see [9, p. 105] .
(vi) This is obtained by using [34] , see [9, p. 104] .
(vii) By (vi), P ⊆ M. It follows by using [34] that all elements in P − {1} are in a conjugacy class, say 3A of M and that | 3A| = 2 6 · 5 · 7 = 2240. Now |M : N M (P )| = 
Moreover, let V = 2.L 3 (4) , so that V is the canonical epimorphic image of U V . Clearly, U L M and |M : L| = 2, |L : U | = 3 and |U : U | = 21. We use these notation, say L, U , U and V in this sense throughout this section. 
Lemma. The 3-decomposition matrix ofÃ has the following form:
Lemma. We have the following:
(ii) Under the notation in (i), the 3-decomposition matrix of A L has the following form: 
(ii) Under the notation in (i), the 3-decomposition matrix of A U has the following form: 
Lemma. k A
That is, the simples 10a and 10b in A V are trivial source kV -modules.
Proof. First of all, recall that
where the characters of the right hand side are elements in Irr(V ) and the numbers mean their degrees, see [12, 3- Proof. It follows from 2.13 and 2.11 that, for i ∈ {a, b},
Hence, we get the assertion by 2.19. 2
Lemma. (i) By exchanging the notation 30a and 30b inÃ (if necessary), we have the following:
for i ∈ {a, b}. So that, we have
(ii) The simples 1275 and 1275 ∨ in A are trivial source kG-modules.
Proof. (i) follows by using [34], and (ii) is obtained by 2.20 and (i). 2
At the end of this section we prove our main theorem, say Broué's conjecture for a non-principal 3-block A of the Held simple group G = He with elementary abelian defect group of order 9. First, we need to prepare some notation which is going to be necessary for our aim.
Notation and assumption.
First of all, recall the notation A, P , N , H , Q, M andÃ given in 2.3 and 2.8. In order to prove our main result we need to investigate p-local structure of G and A. Recall also
A Q and B Q , see 2.8 and 2.7(v).
Lemma.
(i) The non-principal 3-block A Q has P as defect group, and the 3-decomposition matrix of A Q is the following:
(ii) The non-principal 3-block B Q has P as defect group and satisfies that
as O-algebras, where P : 2 is the semi-direct product of P by C 2 such that C 2 acts non-fixed-point-freely on P , and the 3-decomposition matrix of B Q is the following:
Proof. This is obtained by 2. 
Hence, [17, Theorem] 
and M Q is a unique indecomposable direct summand of the above with vertex = ∆Q.
We next prove the final lemma, which is pretty much usable for our main theorem. Proof. Our method here is applying a theorem of Linckelmann [25, Theorem 3 .1] to our situation. That is, we want to check that the pair (M, M ∨ ) satisfies the two conditions in (ii) in his theorem. We remark that, by 2.7(iii), there are exactly two non-trivial subgroups of P up to H -conjugacy, which are P and Q (recall that Q is a subgroup of P of order 3 in 2.8). Therefore, it is enough to show that (1) For any R ∈ {P , Q}, e R · M(∆P ) · f R induces a Morita equivalence between e R kC G (R) and f R kC H (R). (2) For any two subgroups R and S of P , we have
Lemma. Let M be an (A, B)-bimodule which is a unique indecomposable direct summand of A↓
E G (R, e R ), (S, e S ) = E H (R, f R ), (S, f S ) .
We also note that we can write M = OGf for a primitive idempotent f of A ∆H such that
Condition (1) for
It follows from [19, Theorem] that e P · M(∆P ) · f P = 0. Therefore, e P · M(∆P ) · f P = e P kC G (P ). Since e P kC G (P ) = f P kC H (P ), this itself realizes a Morita equivalence between e P kC G (P ) and f P kC H (P ).
It follows from a result of the first author and Linckelmann [19, Theorem] that X is a unique indecomposable direct summand of e Q kC G 
· f Q with vertex ∆P . Now, by 2.24, X induces a Morita equivalence between A * Q = e Q kG Q and B * Q = f Q kH Q . We have checked the condition (1). Next, we want to check the condition (2). However, this is easily checked by using 1.15 since P is abelian. 2 Now, we finally are ready to prove one of our main theorems. 
Proof of Theorem (i). First, note that
Hence, M has a vertex ∆P since both A and A N have P as their defect groups. These yields that A and A N are Puig equivalent (splendidly Morita equivalent) via M . We are done. 2 3. Broué's conjecture for the sporadic simple Suzuki group 3.1. Notation and assumption. From now on till the end of this section, we use the following notation. We assume that G is the sporadic simple Suzuki group, namely, G = Suz, |G| = 2 13 · 3 7 · 5 2 · 7 · 11 · 13, and |Out(G)| = 2 (see [9, p. 131] ). We will consider 3-modular representations of G, which means that we assume p = 3.
Lemma.
(i) (Jansen-Müller) The sporadic simple Suzuki group G has three 3-blocks, namely, the principal 3-block with defect 7, one 3-block A with elementary abelian defect group P of order 9, and one 3-block of defect one.
Proof. See [11] and [3, Proposition 6.1(ii)] for (i) and (ii), respectively. 2 3.3. Notation. We use the notation A and P as in 3.2. 
Lemma (Jansen-Müller). (i) There are exactly five non-isomorphic simple kG-modules S, T , S
Proof. (i), (ii) and (iii) are obtained by [11] , [13, 3.7 Corollary (i)] and [11] , respectively. 2 3.5. Notation. We use the notation S, T , S 1 , S 2 , S 3 as in (3.4). We sometimes use also the notation S 0 = S. Moreover, we use the notation χ 15795 , χ 88452 , χ 248832 , χ 93555a , χ 93555b , χ 243243 as in 3.4. Note that the subindices of χ i 's mean the degrees. 
Lemma. The group G has maximal subgroups M and L such that
M = (A 4 × L 3 (4))(i) 1 M ↑ G · 1 A = 2 × χ 15795 + χ 88452 . (ii) (−1) M ↑ G · 1 A = χ 88452 + χ 243243 . (iii) 1 L ↑ G · 1 A = χ 15795 . (iv) k L ↑ G · 1 * A = S,(i) k M ↑ G · 1 * A = S ⊕ U
(S, T , S), S ↔ χ 15795 , and U (S, T , S)
(Loewy and socle series) ↔ χ 88452 + χ 243243 .
Proof. (i) Let
. By 3.8(i) and 3.4(iii), X = S + S + S + T , as composition factors. Then, it follows from 3.8(iv), a result of Scott 1.8(ii) and 3.8(i) that
If [X, T ] G = 0, then the self-dualities of X and T and 1.9 imply that T | X, so that T is a trivial source kG-module, and hence T is liftable by 1.8(i), contradicting 3.4(iii). This
(S, T , S, S) or U (S, S, T , S)
, which is a contradiction to the self-dualities of X, S and T . Therefore, X has the radical (Loewy) series and the socle series of the forms Then, again by 3.8(ii) and 1.8(ii), we have
This shows that
Let J = rad(kG). Then, (T ⊕ T ) (X/XJ ). Therefore, X/XJ ∼ = T ∼ = soc(X). Thus, we get the assertion by 3.11. 2
Lemma. Let H = N G (P ), and let B be a block algebra of OH such that B is the
Brauer correspondent of A. Then, we get the following: Proof. We know from 3.8(iv) and 3.4 that S is a trivial source simple kG-module in A with vertex P . Hence, by Okuyama's result 1.4 and 1.10(i), f S is a simple kH -module in B. Let S = f S. It follows from 3.13(vii), 3.1 and 3.4(i) that dim( S↑ G ) ≡ 486 (mod 3 7 ). Then, since dim S = 9 or 18 by 3.13(iv), we get the assertion from 3.13(ii) and 3.13(iv). 2
Lemma.
(i) There are exactly five trivial source kG-modules in A with vertex P . Actually, they are g(9a), g(9b), g(9c), g(9d) and g (18) .
Proof. (i) This follows from 1.12(ii) and 3.13(iv).
(ii) Easy by 3.13(vii 
which proves (ii).
(iii) This is easy by (i) and a well-known result due to Puig. (iv) By (i) and (ii), we easily know that trivial source kH -modules in B are sent to trivial source kH -modules in B via the Morita equivalence in (iii). Let X = (X ⊗ kH Bj ) kH . Then, by the symmetry of Morita equivalence and Mackey decomposition, it is easy to know that there is an element h ∈ H such that R h = h −1 Rh ⊆ P and R h is a vertex of X . Hence, 1.13(i) implies that R h and R are conjugate in H . Therefore, R is a vertex of X as well. 2 3.20. Notation. We use the notation j as in 3.19. for some ν ∈ {1, 2, 3} so that F (S) = S ⊗ A * M = k G . 
Lemma. We get the following:
(i) There is a unique non-projective indecomposable direct summand M 0 of a k[G × H ]- module 1 * A · kG · 1 *
Lemma. (i) F (U) = U ⊕ ( projective). (ii) F (U(S, T )) = U(k, 19) ⊕ ( projective) and F (U(T , S)) = U(19, k) ⊕ ( projective).
F (S), F (U )). This isomorphism maps ϕ to ϕ + PHom A * (F (S), F (U )).
Since ϕ is non-zero, the map ϕ cannot be a projective homomorphism. This implies that π U • ϕ = 0, where π U : U ⊕ R → U is the canonical projection. Hence, it follows from 1.11 that we may assume Im ϕ ⊆ U . Therefore, F (U/S) ∼ = (U / Im ϕ ) ⊕ R = U(k, 19) ⊕ R . Similarly for F (rad(U )). Then, it follows from 3.25(iii), (ii) and 3.23 that there is a short exact sequence
Hence, again by 1.11, we can assume that Im ϕ ⊆ rad(V ). This means that 
